Abstract. Momentum and energy integral analysis of planar and axisymmetric laminar, buoyant diffusion flames is presented with the objective of describing the flame properties and ambient air entrainment. The analysis follows the traditional momentum/energy integral technique utilizing the Howarth-Dorodnitzyn transformation for variable density flows and description of the velocity profiles through the flame region in the transformed constant-density coordinate system. The assumptions utilized in the formulation include the boundary layer and thin-flame approximations, a Prandtl and Schmidt number of unity and the product of molecular diffusivity-density squared being constant throughout the field. It is shown that a similarity solution exists for a vertical planar flame formed between a semi-infinite region of fuel in contact with a semi-infinite region of oxidizer and the results are presented in non-dimensional form in this case and are compared with their asymptotic values. For the steady laminar axisymmetric buoyant diffusion flames originating from circular burners, numerical solutions are obtained for different diameter burners. It is found that ambient air entrainment is predominantly determined by the air consumption at the flame front and only an additional small portion of mass (about 5% of that consumed at the flame front) is induced in the flame region. When compared with the measured air entrainment in buoyant diffusion flames, the computed entrainment rates are found to be significantly smaller than the experimental values. This points to the fact that unsteady large-scale engulfment of ambient air into fire plumes dominates over the diffusive and buoyant boundary-layer transport of air around a fire plume.
Nomenclature

Symbol Definition
A, B, C Expressions in equation (18) defined in the appendix
Introduction
Buoyant diffusion flames exist in a large number of situations, where a diffusion flame is established between slowly moving fuel and air streams. Some typical examples include candle flames and fires. In these situations, buoyant acceleration of hot combustion gases causes the buoyant convection to dominate over the low velocities of the fuel and oxidizer stream at a very short distance from the point of origin of the flame. The characteristics of such flames (flame structure, dynamics and entrainment) have been the subject of a number of studies in the literature. Both experimental [1] [2] [3] and numerical investigations [4, 5] have been performed with the objective of providing a detailed description of flame structure. One of the motivations of studying buoyant diffusion flames is a better understanding of the fire plume entrainment process which ultimately determines the rate of fire spread. This study was therefore performed in the spirit of determining the contribution of laminar buoyant diffusion flame entrainment to the overall fire entrainment. It also provides a useful example of how momentum/heat integral methods can be extended to the study of diffusion flames. As is well known, the integral analyses provide much insight into the modelled processes without the computational expense of numerical solutions [6, 7] . When properly performed, they capture many of the essential features of the modelled system within the level of engineering accuracy demanded in many applications.
The physical problem involves a diffusion flame formed between a gaseous fuel and air in a planar or axisymmetric configuration such as a flame along a porous wall with a fuel transpiring from it or a diffusion flame bounding a fuel stream originating from a circular source (or burner). In either case, buoyancy is dominant and gravity acts in the vertical direction coincident with the planar flame or with the initial orientation of the axisymmetric flame. In the axisymmetric buoyant diffusion flame experiments of the type modelled here, a gaseous fuel (methane or propane) flows through a bed of glass beads or a sintered metal surface which is heated by radiation from the flame. Enough of this heat is transferred to the fuel stream to increase its temperature to several hundred degrees Celsius. When this hot gaseous fuel meets the surrounding cool air, it accelerates vertically due to its buoyancy with respect to its surroundings. This causes the flame surface to contract sharply near the burner surface where the flame shape is roughly a hyperboloid of revolution about the burner axis. Further downstream of the burner, the flame develops quasi-periodic, large-scale toroidal vortical structures that eventually convolute the diffusion flame into a complex turbulent structure [2] .
The modelling in this paper provides a description of the steady features of buoyant planar and axisymmetric diffusion flames. The vertical planar flame yields a self-similar solution when the initial relative velocity of the fuel and oxidizer streams is zero, but one of the streams is set in motion due to its buoyancy with respect to the other. The planar solution reveals some of the salient features of these flames including the entrainment of the oxidizer stream, some of which are common to the axisymmetric flames. The axisymmetric flame solution is obtained by taking into account the initial fuel velocity at the burner surface, acceleration of the fuel stream and the resulting contraction of the flame front due to buoyancy. The ambient air entrainment is also calculated for some methane-air diffusion flames emanating from different size porous-bed burners.
Problem formulation
The axisymmetric flame configuration is shown schematically in figure 1. The cylindrical coordinate system with azimuthal symmetry is employed with r and z coordinates representing the radial and axial directions, respectively. The flow fields in the fuel and the oxidizer regions, separated by the flame zone, are considered to be isothermal, incompressible and irrotational. In describing the velocity and temperature fields in the flame zone, it is natural to use the orthogonal, curvilinear coordinates (x, y) for which x is the distance measured along the dividing streamline and y is the distance measured from the dividing streamline perpendicular to x.
The equations of motion are first simplified by the use of the boundary-layer approximation as well as the assumption that the radius of curvature is large in comparison to the boundarylayer thickness. This latter assumption allows the neglect of centrifugal force terms in the momentum equation. These simplifications also require the knowledge of only the x dependence of the fuel core radius, r(x, y). The continuity and simplified equations of motion for the flame boundary-layer region are:
Energy and species conservation equations are: (4) where the planar flame is governed by these equations when n = 0, and n = 1 is the case for the axisymmetric flame. A complete listing of the symbols is given in the nomenclature. The boundary-layer momentum equation in the y-direction embodies the usual boundarylayer assumption that the pressure is independent of y inside the boundary layer and it is given by the static pressure outside the boundary layer. Here, it is assumed that the oxidizer medium (cool ambient air) is denser than the fuel (the hotter, less dense fuel stream) and the oxidizer is stationary far from the flame. The hydrostatic pressure distributions in the fuel and oxidizer regions are given by the respective Bernoulli equations assuming that the flow is irrotational,
Since the pressure is in hydrostatic equilibrium across the flame at any axial location, the fuel velocity can be written as
which is applicable to both planar and axisymmetric cases. The relationship between z and r is dz/dx = sin θ, as seen from figure 1 , and when combined with equation (5) in the oxidizer region, results in
which is used to replace the pressure term in the x-momentum equation. The shape of the axisymmetric flame is obtained from the fuel continuity equation,
where w is the vertical component of fuel velocity. Since it varies from u f at the centreline to u f sin θ at the edge, a parabolic variation can be reasonably assumed as
Substituting this expression into equation (8) and solving for sin θ and then combining it with equation (6) and dz/dx = sin θ results in a differential equation for r(z) for a given fuel volume flux and initial radius r o . The ideal gas equation of state is used as P = ρRT = ρ(R/M)T where R is the universal gas constant and M is the local molecular weight. Additionally, it can be shown that the specific heat ratio γ = C p /C v varies only slightly across the flame so that
The fuel stream is typically assumed to be composed of a gaseous fuel (methane or propane) and a diluent gas such as nitrogen or carbon dioxide. In our nomenclature, 'fuel' refers to the combustible component of the fuel mixture. It is assumed that the chemical reaction rates are much higher than the diffusion rates of the species into the flame zone such that the reaction zone is a thin flame sheet. A simple one-step chemical reaction between fuel and oxidizer is assumed to represent the combustion process as
where ν are stoichiometric coefficients and H c is the heat of combustion per ν f moles of fuel. Conservation of mass in the reaction leads to relations between the production/depletion rates of the participating species in the form,
The consumption rates of fuel and oxidizer are related by
Boundary-layer integral equations
Integral equations for the boundary-layer-like flame zone are developed for the planar and axisymmetric cases under the assumptions presented above. Implicitly, it is assumed that the thickness of the boundary layer is small compared with the radius of the flame sheet at any axial location, a reasonable assumption up to the point where the axisymmetric flame envelope contracts to a radius comparable to the flame boundary-layer thickness. This assumption also fails when the flame hugs the surface of the porous-bed burner upon very sharp contraction, a situation which would require special treatment in the analysis. The production terms in equations (3) and (4) can be eliminated by the linear combination of the dependent variables h and Y i , when the Lewis number Le = ρDC p /k is unity. Solutions of the resulting homogeneous differential equations may be expressed in terms of the SchvabZel'dovich variable, ψ, given by
The solution of ψ is obtained from
with ψ(x, −∞) = 0 and ψ(x, +∞) = 1 which are smooth and continuous through the flame. The integral momentum equation is obtained by integrating equation (2) with respect to y, first from y = −∞ to 0 and then from y = 0 to +∞ and making use of (a) x-axis being the dividing streamline, (b) r = r(x) only, under the small-curvature assumption, (c) integral form of the continuity equation, (d) equation (7) to replace the pressure term.
The result is
Similarly, the energy equation is integrated first from y → −∞ to y f l and then from y = y f l to +∞ and the heat production term is written as the product of the fuel mass diffusion rate into the flame and the heating value per unit mass of fuel to obtain
In the integral analysis, suitable approximations of the velocity and ψ profiles in terms of a characteristic velocity u o (x) and a layer thickness parameter δ(x) are needed. No temperature parameter is required since the maximum temperature is fixed by the adiabatic flame temperature for the fast chemistry case studied here. Additionally, the Howarth transformation, ρ dy = ρ ∞ dy , is utilized to reduce equations (13) and (14) to their incompressible forms. The approximate profiles are expressed in terms of the dimensionless coordinate defined by η = y /δ. The characteristic layer thickness scales for velocity and ψ, δ u and δ ψ , are assumed to be equal implying that P r = µC p /k is unity. The assumed profile shapes are
2 dz is the conventional error function. These distributions satisfy the boundary conditions
Furthermore, the velocity distribution contains two terms, the first of which is a Gaussian peak generated due to flame buoyancy imposed onto a mixinglayer-like distribution expressed by the second term as shown schematically in figure 1. In this assumed velocity distribution within the flame zone, the contribution of the flame-generated buoyancy is approximated to centre around η = 0 for mathematical convenience. In non-unity stoichiometry flames, the flame front will be located on either side of the x-axis depending on the fuel and oxidizer concentrations in the far field and reaction stoichiometry as given by
This approximation † is believed to be admissible in the context of the integral analysis presented here. Upon substitution of the assumed profiles into momentum and energy integral equations and introducing the Howarth transformation, integrations are performed using the ρ 2 D = ρ 2 ∞ D ∞ = constant approximation in the energy integral equation ‡. The results contain three non-dimensional parameters:
representing the density ratio of the oxidizer to fuel medium far from the flame, the heat of combustion per unit mass of fuel mixture and the heat of combustion per unit mass of oxidzer mixture in addition to the length and velocity scales, δ(x) and u o (x). The momentum and energy integral equations take the form
and where the parameters A to E are functions of χ 1 , χ 2 and χ 3 and they are defined in the appendix. The transformed flame position is determined from
Ambient entrainment,ṁ E , can be easily calculated by a mass balance of the oxidizer,
as shown in figure 2 . Here, Y o∞ is the ambient oxidizer mass fraction,ṁ OL is the integrated mass flux of oxidizer at a given height z andṁ OC is the integrated mass flux of oxidizer consumed along the flame front. They are given bẏ
After introduction of equation (22) into equation (21) and integrating,
This equation gives the entrainment rate up to a position x. Entrainment is per unit depth of the flame for the plane case (n = 0). The results for planar and axisymmetric flames are presented and discussed in the next section.
Results and discussion
Planar flames
A planar flame, with zero initial fuel velocity at the origin (u f o = 0), lends itself to a selfsimilar solution. By properly adjusting the horizontal velocity component on the fuel side (or transpiration speed through a porous surface), the dividing streamline can be maintained coincident with the x-axis and the flame remains vertical. Even though the initial velocity of the fuel is taken as zero, the fuel stream is allowed to accelerate with height according to equation (6) 
These equations have a simple solution if u o ∝ x 1/2 and δ ∝ x 1/4 corresponding to the selfsimilar solutions of the governing differential equations. They reduce to a set of algebraic equations given by
The fuel velocity can be expressed as K u = √ 2(χ 1 − 1) from the modified equation (6) as outlined above. Combining this expression with equation (25a) yields a quadratic equation in whose coefficients are known functions of χ 1 , χ 2 and χ 3 . Only the positive root is meaningful and it is used to evaluate K u and K δ . The entrainment rate is calculated froṁ
per unit depth of the flame. Figures 3-7 show the quantities of primary interest: velocity parameters, boundary-layer thickness, adiabatic flame enthalpy and mass entrainment rate for the planar flame. These quantities are plotted as functions of the density ratio of the oxidizer to fuel mixture, χ 1 , for three values of the parameters χ 2 and χ 3 . The variation in χ 1 can be interpreted to be either due to molecular weight or the temperature of the fuel stream and is inversely proportional to enthalpy under the constant specific heat assumption. The values χ 2 = 120 and χ 3 = 6.96 correspond to the case of pure methane as the fuel and air as the oxidizer with Y o∞ = 0.232. The other sets of values show the variations when the above values of χ 2 and χ 3 are changed by a factor of two. A modified gravitational constant, g = g(h f l /h ∞ − 1), is found to be the appropriate parameter in non-dimensionalizing velocity and width scales as well as entrainment. Figure 3 shows the variation of the dimensionless characteristic velocity, taken as the velocity along y = 0 normalized by the buoyant velocity √ g x with the density ratio for the three values of χ 2 and χ 3 . As the density of the fuel stream decreases, the velocity scale increases. The effect of decreasing the heat release causes the non-dimensional characteristic velocity to increase, primarily due to the stronger effect of heat release on the normalizing velocity scale, √ g x. Figure 4 shows the ratio of the fuel velocity outside the boundary layer to the characteristic velocity along the dividing streamline. For equal densities of fuel and oxidizer, there is no buoyancy-induced motion. With increasing density difference (or ratio), the ratio of the velocity scales grows. For the highest heat release case, the velocity ratio is mostly less than unity, indicating that the modification of the velocity profile due to flame buoyancy is significant. For the lower heat release cases, u f becomes higher than u o at density ratios greater than 4-6 with more or less mixing-layer-like velocity profiles. For lower density ratios, the 'bump' in the velocity profile as expressed by the first term in equation (15a) is present. Figure 5 shows the adiabatic flame enthalpy (or temperature under the constant, uniform specific heat approximation) which was non-dimensionalized by the heating value per unit mass of the combustible fuel stream component. The variation in the adiabatic flame temperature shown in figure 5 is then only due to the differences in the temperatures of the fuel and oxidizer media.
The non-dimensional characteristic width scale and entrainment rate, shown in figures 6 and 7, are found to be relatively insensitive functions of χ 2 and χ 3 . They have almost constant values of 1.85 and 2.13, respectively, up to oxidizer densities six times that of the fuel mixture. The divergence in these parameters for low heating values and large density ratios (e.g. h c Y f ∞ /h ∞ = 60, h c Y o∞ /h ∞ = 3.48 and ρ ∞ /ρ f > 6) can be explained as follows.
For large values of the density ratio (when the fuel mixture density is much lower than that of the oxidizer), the velocity profile approaches that of a free shear layer with only a small modification around the flame sheet due to flame buoyancy. A very low fuel mixture density far from the flame can be achieved by increasing its temperature (i.e. ρT = constant) for a given fuel mixture. In the extreme yet unphysical case of this mixture temperature exceeding the flame temperature, the left-hand side of equation (24b) and consequently D( ) goes through zero, resulting in a singularity. However, this represents an unrealistic case and it should thus be ignored.
Some numerical values of the quantities discussed above are given in table 1 for methaneair and hydrogen-air flames. In the examples given, the fuel was diluted with nitrogen. The effect of dilution on entrainment is found to be small for both methane and hydrogen flames. The dilution had an effect on the transformed boundary-layer thickness for hydrogen but not for the methane case. The characteristic velocities are not very different for the methane flame as this velocity represents the maximum in the profile. A pure hydrogen-air flame has a shear layer-like velocity profile due to the very low density of H 2 . The values of the expanded, physical boundary-layer thickness to that of the Howarth-transformed thickness are also given in table 1. 
Axisymmetric flames
The axisymmetric flames are modelled by simulating a diffusion flame originating from a circular burner where fuel is introduced with a finite initial velocity as shown in figure 1 . A simple similarity solution cannot be obtained in this case. However, a numerical solution can be implemented by integration of the differential equations for the flame radius, momentum and energy. These equations for the axisymmetric problem
where u f is given by equation (6),
where du f /dx is calculated from equation (6) as
At the origin, these equations have a logarithmic singularity that needs special treatment before the integration can be started. In the region close to the origin, the effect of buoyancy on the velocity profile is negligible so that this region resembles that of a shear layer as shown in the inset of figure 1. If for small x, we have u o ≈ constant, δ ∝ x 1/2 , r ≈ constant, then equation (28a) leads to the conclusion that A ∝ x in order for the terms on both sides to be balanced. Thus, at x = 0, A = 0 and this gives the initial value of as o from A( o ) = 0. The computed value of o = 1.6297. If we let A ≈ A 1 x and δ ≈ δ 1 x 1/2 as x → 0, and denote 1 and δ 1 can be obtained as
The integration of the differential equations (27), (28a) and (28b) was started by computing u o and δ at a very small value of x using the above asymptotic relations. The sensitivity of the solutions to the smallness of this value of x ranging from 10 −10 to 10 −8 m was investigated for methane-air diffusion flame computations. It was observed that the initial transient disappeared before x (streamwise coordinate) exceeded 10% of the initial burner radius, r o . The integration scheme utilized in these calculations was a fourth-order Runge-Kutta algorithm with AdamsMoulton predictor-corrector. The initial step size was taken to be 10 −8 m in x, which after 500 integration steps was increased to 10 −6 . This procedure was necessary to handle the calculations when very large initial curvatures of the flame occurred which represent the cases of low initial velocity and high buoyancy, i.e. low Froude number, F r = u 2 f o /2gr o . It is also possible to check the numerical results against asymptotic values of the quantities since the effects of the initial velocity are expected to disappear at large distances from the origin. Thus, in the limit as x → +∞,
Under these conditions, a solution to equations (28a) and (28b) exists if u ∝ x 1/2 and δ ∝ x 1/4 . Using the same definitions for K u and K δ in equation (25), the following equations are obtained:
The asymptotic values of the quantities were obtained using these expressions and they were used to check the numerical integration results.
Numerical computations were carried out for methane-air flames supported on three burner diameters (d o = 0.1, 0.19 and 0.5 m) for a heat release rate of 40 kW. These conditions correspond to those studied in the experiments of Cetegen et al [1] . In the computations, the fuel temperature was taken to be 600 K due to radiative heating of the porous burner surface and consequently of the fuel stream as estimated from experiments. The density ratio of the ambient air to hot gaseous fuel was 3.64 for methane-air and the ambient air density was taken as 1.17 kg m −3 . The binary diffusion coefficient at the reference state was taken to have a value of 1.5 × 10 −5 m 2 s −1 . Figure 8 shows computed shapes of fuel-air for a 40 kW flame. Since the fuel is introduced with a uniform 'top-hat' profile at the nozzle exit, the interface initially starts vertically at the nozzle lip and contracts towards the centreline due to buoyant acceleration of the light fuel stream. The contraction is very sharp for large nozzles and low heat inputs such as a 40 kW flame on a 0.5 m diameter nozzle. In the experiments, these flames break into many small flamelets around the burner perimeter and do not exhibit a smooth, connected flame surface as modelled here. The flame is treated as a boundary layer superimposed on this computed interface. Consequently, the validity of the flame calculations is limited by two physical limits. The first concerns the failure of the solution when the flame boundary-layer thickness exceeds the separation of the fuel-oxidizer interface from the porous bed burner surface. This occurs in cases where the contraction is so sharp that the flame brushes over the burner surface. The other limiting case occurs where the boundary layer grows to a length scale of the order of the contracting column radius which would be the closing tip of the flame. While the first limiting case can be handled by reformulating the flame profiles over a flat plate boundary, the far-field limits are not reached due to buoyancy-induced instabilities along the flame front and the subsequent transition to turbulence [2] . Figures 9 and 10 show the evolution of the characteristic velocity scale and the velocity profile parameter in dimensionless form for the selected test condition. The velocity scale was non-dimensionalized by the buoyant scale of √ g z, where g is the modified gravitational constant defined earlier. Aside from an initial transient, both the non-dimensional velocity scale and the velocity parameter approach towards their asymptotic values relatively rapidly within one nozzle radius. In these figures, the asymptotic values of the velocity scale (1.220) and the velocity parameter (0.722), marked on the right-hand ordinate, are reached within four nozzle radii. In figure 11 , the evolution of the flame boundary-layer scale is shown for the three nozzle diameters. Here, the boundary thickness was non-dimensionalized using the same group in the vertical planar flame employing the streamwise coordinate, x. It is found that this grouping also approaches within 10% of its asymptotic value of 2.44 within four nozzle radii. Except very close to the nozzle exit, all of these parameters are never very different from their asymptotic values and are within 10% of their respective asymptotic values.
The integrated ambient air mass flux into the flame is shown in figure 12 . The mass consumption rate of the fuel scales in the same way as the ambient air entrainment and approximately 95% of the total entrained ambient air is consumed in combustion. The remainder is the part that is set into motion inside the boundary layer external to the flame surface. In figure 13 , the ambient air entrainment is shown in normalized form with respect to that of a vertical planar flame wrapped around the burner perimeter. This parameter decays first rapidly and then gradually towards asymptotic values less than one, which is predominantly due to the contraction of the flame surface. The ordering of the curves with respect to the nozzle diameter indicates that the more severe contraction of the flame surface is associated with lower values of the entrainment ratios.
Concluding remarks
An integral analysis of planar and axisymmetric plumes has been conducted to study the structure of steady laminar buoyant diffusion flames. The study was confined to fuel stream densities lower than that of the surrounding ambient medium. First, the analysis of a vertical planar flame aligned along the gravitational acceleration was pursued. A self-similar solution was obtained for the case of an initially stagnant fuel region which allowed extraction of the proper scaling parameters and established the variations in the main quantities of interest. The results of the integral analysis were also found to be in good agreement with the exact solutions developed by Fleming and Marble [8, 9] . In the planar case, the mass flux of air entrained into the flame boundary layer scaled aṡ
For the steady axisymmetric buoyant diffusion flames originating from circular burners, numerical solutions were obtained for different diameter burners. It was found that ambient air entrainment is predominantly determined by the air consumption at the flame front and only an additional small portion of about 5% mass is induced in the flame region. When compared with the measured air entrainment in buoyant diffusion flames, the computed entrainment rates are found to be significantly smaller than the experimental values. This points to the fact that unsteady large-scale engulfment of ambient air into fire plumes dominates over the diffusive and buoyant boundary-layer transport of air around a fire plume.
